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ABSTRACT
We explore the fundamental relations governing the radial and vertical velocity dispersions of stars in the
Milky Way, from combined studies of complementary surveys including GALAH, LAMOST, APOGEE, the
NASA Kepler and K2 missions, and Gaia DR2. We find that different stellar samples, even though they target
different tracer populations and employ a variety of age estimation techniques, follow the same set of fundamen-
tal relations. We provide the clearest evidence to date that, in addition to the well-known dependence on stellar
age, the velocity dispersions of stars depend on orbital angular momentum Lz, metallicity and height above the
plane |z|, and are well described by a multiplicatively separable functional form. The dispersions have a power-
law dependence on age with exponents of 0.441±0.007 and 0.251±0.006 for σz and σR respectively, and the
power law is valid even for the oldest stars. For the solar neighborhood stars, the apparent break in the power law
for older stars, as seen in previous studies, is due to the anti-correlation of Lz with age. The dispersions decrease
with increasing Lz until we reach the Sun’s orbital angular momentum, after which σz increases (implying flar-
ing in the outer disc) while σR flattens. The dispersions increase with decreasing metallicity, suggesting that the
dispersions increase with birth radius. The dispersions also increase linearly with |z|. The same set of relations
that work in the solar neighborhood also work for stars between 3< R/kpc< 20. Finally, the high-[α/Fe] stars
follow the same relations as the low-[α/Fe] stars.
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1. INTRODUCTION
Most stars of the Milky Way’s disc population are thought
to be born on roughly circular orbits with very low velocity
dispersion. However, a significant fraction of these stars are
observed to have very high velocity dispersion, suggesting
that they must have undergone significant dynamical evolu-
tion. Studying the velocity distributions for disc stars can
therefore not only shed light on the dynamical history of the
Galaxy, but also on the dynamical processes that have shaped
the present day distribution of stars. Moreover, velocity dis-
persion relations are an essential ingredient for construct-
ing analytical models of the Galaxy. Multiple studies have
sought to characterize the velocity dispersion of stars in the
Milky Way disc and to explain them using dynamical mod-
els. Despite much progress, however, many open questions
remain.
1.1. Background
It has been known for a long time that the velocity disper-
sion of disc stars increases with age in the solar neighbour-
hood. One of the earliest attempts to explain this observation
dates back to Spitzer & Schwarzschild (1951), who exam-
ined in-plane motions of disc stars. They showed that the
total dispersion of all components, σtot, increases with age
τ due to scattering from massive clouds with a power-law
dependence, τβtot , with exponent βtot = 0.33. Remarkably,
they inferred the presence of giant molecular clouds (GMCs)
long before they were observed directly. Later, Lacey (1984)
generalized this result by including vertical motions. How-
ever, the predictions of his model conflicted with observa-
tions. First, Lacey concluded that βtot = 0.25, whereas, ob-
servations suggest that solar-neighborhood stars have βtot be-
tween 0.3 and 0.5 – or more precisely that βz ranges from
0.35 to 0.6 and βR ranges from from 0.19 to 0.35 (Nord-
ström et al. 2004; Aumer & Binney 2009; Sharma et al. 2014;
Mackereth et al. 2019). Secondly, the overall heating rate
derived (which determines the dispersion of older stars) was
too low. Finally, Lacey predicted the ratio of vertical to radial
dispersion, σz/σR, to be 0.8, which is higher than observed
ratio for stars in the solar neighborhood (0.5-0.6).
Hänninen & Flynn (2002) used N-body simulations to con-
firm some of the findings of Lacey (1984). They found that
for scattering from GMCs, βtot is indeed less than 0.33, or
more precisely that βR = 0.20, βz = 0.26 and βtot = 0.21,
which is even less than the value predicted by Lacey. The
overall heating rate was also confirmed to be low. Specifi-
cally, with the surface density of GMCs set to the present-
day value in the solar neighborhood (5 M/pc2), the pre-
dicted velocity dispersion for the oldest stars was less than
that of the observations by about 15 km/s. Additionally, Hän-
ninen & Flynn (2002) found that the ratio σz/σR depends on
the number density of GMCs. For the GMC number den-
sity of 5 M/pc2, σz/σR was 0.5 in rough agreement with
the observed value, but much less than the value of Lacey
(1984). The value of σz/σR computed by Lacey (1984) was
large because an isotropic distribution of star-cloud impact
parameters was assumed. When the anisotropy in the im-
pact parameters is taken into account, σz/σR is 0.62 in the
steady state (Ida et al. 1993; Shiidsuka & Ida 1999; Sellwood
2008). This value of the ratio agrees well with the observa-
tions. For example, for 10 Gyr old stars, Aumer & Binney
(2009) report the ratio to be 0.56 using the Geneva Copen-
hagen survey (GCS - Nordström et al. 2004), while Sharma
et al. (2014) report values of 0.59 and 0.65 using the GCS
and RAVE surveys respectively.
The inability of GMC scattering models to match the ob-
served data prompted the exploration of other mechanisms
to excite random motions. Transient spiral structures are one
such mechanism. They lead to potential fluctuations in the
disc that can heat up disc stars (Barbanis & Woltjer 1967;
Sellwood & Carlberg 1984; Carlberg & Sellwood 1985). De
Simone et al. (2004) showed using numerical experiments in
two dimensions that spiral arms alone can lead to βR in the
range 0.25 to 0.5, and a heating rate such that the value of σR
is consistent with observations. However, spiral scattering is
too inefficient to increase the vertical dispersion (Sellwood
2013; Martinez-Medina et al. 2015). This led Jenkins & Bin-
ney (1990) to argue that a combination of spiral structure and
GMC heating could explain the velocity dispersion of ob-
served stars, though their predicted βz (0.3) was too low and
the predicted βR (0.5) was too large.
One way to resolve the discrepancy between the predicted
and the observed values of βz is to accommodate a scattering
environment that is evolving with time. This consequently
means that the velocity dispersion as a function of age (age-
velocity relation or AVR) for stars in the solar neighborhood
is not same as the evolution of velocity dispersion with time
of stars born together (heating history) at a given time in the
past. In other words, the AVR is the compilation of the end
of the heating history of stellar populations born at different
times. Specifically, due to the much higher gas fraction in
the early Galactic disc, the contribution of GMC scattering is
expected to decrease with time, which has been shown to lead
to βz being close to 0.25 for the heating history but greater
than 0.4 for the AVR (Aumer et al. 2016a; Ting & Rix 2019).
There are other physical processes that can heat up the
disc, and so shape the AVR. The Milky Way hosts a bar that
can heat disc stars, as demonstrated in isolated disc/bar/bulge
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simulations (e.g., Saha et al. 2010), particularly near the
strong Lindblad resonances. The same effect is seen in cos-
mological N-body simulations, where bars emerge within the
evolving disc (Grand et al. 2016). But here there is an added
contribution from the disc being bombarded by orbiting satel-
lites (Velazquez & White 1999). The AVR can also be shaped
by the fact that the intrinsic velocity dispersion was higher at
earlier times, as reported by Hα emission of gas in exter-
nal galaxies at high redshift (Förster Schreiber et al. 2009;
Wisnioski et al. 2015). However, Hα emission tracks ion-
ized gas and it is not yet clear, if stars, which form out of
cold gas, also have high velocity dispersion like the ionized
gas. There is now strong evidence, both theoretical (Sell-
wood & Binney 2002; Roškar et al. 2008) and observational,
that stars migrate from their place of birth. The observational
evidence comes from the presence of low-eccentricity and
super-metallicity stars in the solar neighborhood– a realiza-
tion that dates back to at least Grenon (1972) (see also Kor-
dopatis et al. 2015; Hayden et al. 2020). Because the heating
rate is higher in the inner regions than in the outer regions,
one has to take migration into account when modelling the
AVR at a given location. However, in a comprehensive re-
view of stellar migration, Minchev (2016) argues that migra-
tion, on average, generally does not lead to disc heating.
1.2. Modelling the Physical Mechanisms of Disc Evolution
Given that various physical processes can play a role in
disc evolution, it is imperative to study them both individu-
ally (to assess their relative importance) and in combination
(to see the full effect of them acting together). The seminal
work by Aumer et al. (2016a) highlights the utility of this
approach. They analyzed N-body simulations that had spiral
arms, GMCs, a bar, and growing discs – and were success-
ful in reproducing the AVR in the solar neighborhood of the
Milky Way. However, this model was only compared with
observations in the solar neighborhood, and possible depen-
dencies on metallicity and angular momentum were not con-
sidered. We show for the first time that these properties taken
together can place even stronger constraints on the models.
There are also other good reasons for studying the depen-
dence of velocity dispersion on metallicity and angular mo-
mentum. For a given age, the metallicity provides a way
to tag the birth radius of a star, which provides leverage on
the process of radial migration (Bland-Hawthorn et al. 2010;
Frankel et al. 2019). The angular momentum Lz provides the
mean radius where a star spends most of its history, and so
(unlike the present radius R) is a more useful indicator of the
amount of scattering the star has undergone. Moreover, there
are strong theoretical reasons to prefer Lz over R. For an
axisymmetric system Lz is a constant of motion and, Jeans’
theorem tells us that the phase space density of a system in
dynamical equilibrium should only depend on constants of
motion (Binney & Tremaine 2008). Furthermore, specifying
the dispersion as a function of Lz paves the way for construct-
ing better analytical models of the Galaxy, e.g., dynamical
models based on actions by Binney (2012) and Sanders &
Binney (2015).
Given that the velocity dispersion of a population of stars
can depend on a number of stellar properties, it is important
to come up with a useful way to characterize the velocity
dispersion from observations such that it can test theoretical
models. The selection function of a survey will tend to leave
its imprint on the measured velocity dispersions (Sharma
et al. 2014), which makes it difficult to compare and combine
results from different surveys, and also to compare observed
dispersions with model predictions. If the velocity dispersion
σ only depends on a set of observables X , then knowing X is
sufficient to characterize the dispersion irrespective of the se-
lection function. This brings us to the question of identifying
the fundamental relations governing the dispersion, i.e., what
is a suitable choice for the set of observables/variables X , and
how does the velocity dispersion depend on them. Intuitively
(as discussed above) the dispersion should be governed by
age, metallicity and angular momentum. However, the joint
dependence of dispersion on these properties has not been
studied before, and this is what we address in this paper.
Since stars migrate from their place of birth, strictly speak-
ing, the amount of scattering a star experiences will also de-
pend upon the evolutionary history of its angular momentum
Lz, but we do not consider this as we do not have any ob-
servable that tracks this information. Additionally, each ob-
servational survey and age estimation technique has its own
systematics, and no attempt has been made to characterize
such systematics, and we also address this issue.
1.3. Disc Evolution in the Age of Massive Galactic Surveys
A number of large observational surveys cataloging the
detailed properties of a huge numbers of stars in the Milky
Way mean that we are better poised now than ever be-
fore to unravel the fundamental velocity dispersion relations.
These data sets probe stellar kinematics well beyond the solar
neighborhood, and hence provide more coverage of the an-
gular momentum and metallicity dimensions. Additionally,
these data sets have large sample of stars that allows the ad-
ditional dependence on metallicity and angular momentum to
be studied robustly. The combination of Gaia DR2 astrome-
try and accurate radial velocities from ground-based spectro-
scopic surveys, provides precise six-dimensional phase space
information for a large number of stars. Spectroscopic sur-
veys such as GALAH and LAMOST, mean that it is now
possible to get reliable age estimates for a large number of
main sequence turn-off (MSTO) and subgiant stars in the
solar neighborhood, a significant improvement when com-
pared with photometry-based ages (e.g., Bland-Hawthorn
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et al. 2019). Asteroseismology from missions like Kepler
and K2 has opened the door to estimating the ages of intrin-
sically bright giant stars allowing us to study the velocity dis-
persions well beyond the solar neighborhood. Ground-based
spectroscopic surveys also provide elemental abundances,
with which we can tag stellar populations that were born at
the same time and same place (Freeman & Bland-Hawthorn
2002).
Some attempts have already been made to characterize
the velocity dispersions using the large observational surveys
that probe the velocity dispersion beyond the solar neighbor-
hood and below we summarize four such studies. Sanders
& Das (2018) used data from multiple observational surveys
and multiple stellar types (about 1.2 million stars), but did not
consider potential systematics between the different surveys
used. They studied the dependence of velocity dispersion on
age and radius R, but ignored the dependence on angular mo-
mentum, metallicity, and z. They found that velocity disper-
sion decreases exponentially with R out to the solar Galactic
radius, and that beyond this σz tends to increase, while σR
tends to flatten out. The velocity dispersion was found to
grow as a power law with age, with exponent βR ∼ 0.3 and
βz ∼ 0.4.
Ting & Rix (2019) and Mackereth et al. (2019) both
studied the relationship between age and kinematics using
APOGEE-DR14 data and ages estimated using a neural net-
work model, which was trained on asteroseismic ages from
the NASA Kepler mission. Ting & Rix (2019) used a sam-
ple of about 20000 red clump stars , while Mackereth et al.
(2019) used a sample of about 65000 giants. Ting & Rix
(2019) studied the dependence of the expectation value of
the vertical action Jˆz as a function of age and average radius
RGC, which was defined to be the mean of the birth radius and
the current radius. Crucially, they did not consider the depen-
dence on birth radius and angular momentum separately, and
also they did not study the in-plane kinematics. They found
that the expectation value of birth action Jˆz,0 is constant until
about RGC = 10 kpc but rises beyond that. Assuming the fol-
lowing approximate relations, which are valid under epicycle
approximation, Jˆz ∝ σ2z /ν, and ν ∝
√
Σ, where ν is vertical
oscillation frequency and Σ is mass surface density, we in-
terpret their results as follows. The vertical dispersion falls
off exponentially with RGC until 10 kpc, but beyond that it
flattens or increases. They also found that the vertical dis-
persion increases with age as a power law with exponent βz
ranging from 0.5 to 0.65.
Mackereth et al. (2019) studied the velocity dispersion as
a function of Galactocentric cylindrical coordinates R and
z for stars binned by age, [Fe/H] and [α/Fe]. A quadratic
model was assumed for dependence on z, and an exponen-
tial model for dependence on R. We note that the exponen-
tial model might be inappropriate, given that Sanders & Das
(2018) find the dependence of dispersion on R to be exponen-
tial only for R< 8 kpc, but flat and even rising for R> 8 kpc.
Mackereth et al. (2019) found that for young stars the dis-
persions and the ratio σz/σR increase with height |z|, which
they attribute to stronger heating by spiral structure in the
plane and the relatively longer time scale for GMCs to redi-
rect random in-plane motion to vertical motion. For a given
age they find that the dispersions are higher for those mono-
metallicity populations that have a larger mean orbital ra-
dius. But given that they study their stars by binning them up
in mono-metallicity populations and the fact that metallicity
is anti-correlated with mean orbital radius, we note that the
observed trend with mean orbital radius is indistinguishable
from a trend with metallicity.
Minchev et al. (2018) studied the vertical dispersion σz,
of about 500 solar-neighborhood stars as a function of birth
radius and age. The dependence of σz on angular momentum
was not studied. For a given age, the σz was found to vary
with birth radius such that it has a slope, which is positive for
old stars (age greater than 8 Gyr), flat for intermediate age
stars, and slightly negative for young stars (age less than 4
Gyr).
2. DATA
In this paper, we mainly make use of data from the LAM-
OST (Deng et al. 2012; Zhao et al. 2012) and GALAH
spectroscopic survey (De Silva et al. 2015). We also use
the APOGEE-DR14 spectroscopic survey (Majewski et al.
2017), but only for the purpose of studying systematic ef-
fects. We used the LAMOST-DR4 value added catalog from
Xiang et al. (2017b), for radial velocity, Teff, logg, [Fe/H],
[α/Fe], and distance. For LAMOST stars, we used two types
of stars, the MSTO stars and the red-giant (RG) stars. The
ages for the LAMOST-MSTO sample were taken from Xi-
ang et al. (2017a) and for the LAMOST-RG-CN sample were
taken from Wu et al. (2019). The LAMOST-RG-CN sam-
ple consists only of red giant branch stars (red clump stars
are not included), with ages derived from spectroscopic C
and N features. For the GALAH survey, we also used two
types of stars, the MSTO stars and the RG stars. More
precisely, we make use of the extended GALAH catalog
(GALAH+), which also includes data from TESS-HERMES
(Sharma et al. 2018) and K2-HERMES (Sharma et al. 2019)
surveys that use the same spectrograph and observational
setup as the GALAH survey. The RG stars that we use have
asteroseismic information from the NASA K2 mission and
their spectroscopic followup was done by the K2-HERMES
survey, hereafter they are referred to as GALAH-RG-K2. We
note that the spectroscopic analysis of GALAH-DR2 (Buder
et al. 2018) was based on a machine learning model trained
on a set of 10,605 stars analysed in detail using the SME
code (Valenti & Piskunov 1996; Piskunov & Valenti 2017).
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Table 1. Description of the different data sets used to study velocity dipsersion
Name Spectroscopic survey Stellar type Asteroseismology Age estimation Stars
LAMOST-MSTO LAMOST-DR4 MSTO Xiang et al. (2017a) 398,173
LAMOST-RG-CN LAMOST-DR4 red-giant-branch Wu et al. (2019) 326,606
GALAH-MSTO GALAH-iDR3 MSTO BSTEP (Sharma et al. 2018) 101,328
GALAH-RG-K2 GALAH-iDR3 red-giant K2-CAN BSTEP (Sharma et al. 2018) 6,445
APOGEE-RG-KEPLER APOGEE-DR14 red-giant Kepler-CAN BSTEP (Sharma et al. 2018) 6,091
Table 2. Maximum likelihood estimates of parameters θv used to model the dispersion of velocity components vz and vR.
v σ0,v βv λL,v αL,v γ[Fe/H],v γz,v
vz 21.1±0.2 km/s 0.441±0.007 1130±40 kpc km/s 0.58±0.04 −0.52±0.01 km/s/dex 0.20±0.01 km/s/kpc
vR 39.4±0.3 km/s 0.251±0.006 2300±200 kpc km/s 0.09±0.04 −0.19±0.01 km/s/dex 0.12±0.01 km/s/kpc
In this paper, we exploit parameters from GALAH-iDR3, an
internal data release where every star has been analysed us-
ing SME and incorporates Gaia-DR2 distance information
(Gaia Collaboration et al. 2018; Lindegren et al. 2018). A
full discussion will be presented in a forthcoming paper and
the results will be available as part of GALAH-DR3.
To select stars with reliable ages, we adopt the following
selection function for MSTO stars,
(3.2< logg< 4.1)&(5000< Teff/K < 7000). (1)
For the RG stars, we adopt the following selection criteria,
(1< logg< 3.5)&(3500 < Teff/K < 5500). (2)
The ages and distances for the GALAH-MSTO and
GALAH-RG-K2 stars are computed with the BSTEP code
(Sharma et al. 2018). BSTEP provides a Bayesian estimate
of intrinsic stellar parameters from observed parameters by
making use of stellar isochrones. For results presented in
this paper, we use the PARSEC-COLIBRI stellar isochrones
(Marigo et al. 2017). For the GALAH-MSTO stars, we use
the following observables, Teff, logg, [Fe/H], [α/Fe], J, Ks
and parallax. For the GALAH-RG-K2 stars, in addition to
the above observables, we use the asteroseismic observables
∆ν and νmax. These stars were observed by the NASA K2
mission as part of the K2GAP program (Stello et al. 2015)
and includes stars from campaigns 1 to 15. The asteroseis-
mic analysis is conducted with the method by Kallinger et al.
(2010, 2014), known as the CAN pipeline. ∆ν and νmax
for the model stars in the isochrones are determined with
the ASFGRID code Sharma et al. (2016) that incorporates
corrections to the ∆ν scaling relation suggested by stellar
models. A summary of different data sets used in this paper
is given in Table 1.
Transformation from heliocentric to Galactocentric coordi-
nates is done assuming R = 8.0 kpc (Reid 1993), z = 0.025
kpc, Ω = 30.24 kms/s/kpc (Reid & Brunthaler 2004), U =
10.96 km/s andW = 7.53 km/s (Sharma et al. 2014). We use
a right handed UVW coordinate system, where U points to-
wards the Galactic center,V is in the direction of the Galactic
roation and W points towards the North Galactic pole. The
transformation is carried out with the following heliocentric
quantities: Gaia-DR2 angular position and proper motions,
spectroscopic radial velocities, and spectro-photometric dis-
tances. Where needed we assume the circular velocity at Sun,
Θ, to be 232 km/s (Sharma et al. 2014).
3. METHOD
The dispersion σv of velocity v (for either vR or vz), is as-
sumed to depend on the stellar age τ , angular momentum
Lz, metallicity [Fe/H], and vertical height from the disc mid-
plane z, via the following multiplicatively separable func-
tional form
σv(X ,θv) = σv(τ ,Lz, [Fe/H],z,θv) = σ0,v fτ fLz f[Fe/H] fz. (3)
Here, X = {τ ,Lz, [Fe/H],z} is a set of observables that are
independent variables and
fτ =
(
τ/Gyr+0.1
10+0.1
)βv
, (4)
fLz =
αL,v(Lz/Lz,)2 + exp[−(Lz −Lz,)/λL,v]
1+αL,v
, (5)
f[Fe/H] = 1+γ[Fe/H],v[Fe/H], (6)
fz = 1+γz,v|z|, (7)
and θv = {σ0,v,βv,λL,v,αL,v,γ[Fe/H],v,γz,v} is a set of free pa-
rameters. The functional forms were chosen based on a pre-
liminary analysis of the trends with respect to each observ-
able. The σv has a power law dependence on age, with βv
denoting the exponent. The age relation has a finite birth
dispersion for stars younger than 0.1 Gyr. The σv falls off
exponentially with Lz with scale λL,v, but at large Lz it is al-
lowed to rise as L2z (to account for flaring) and this rise is con-
trolled by αL,v. The σv varies linearly with both [Fe/H] and
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Figure 1. Velocity dispersion as a function of angular momentum, age, metallicity, and height above the Galactic midplane for different data
sets. The shaded region denotes the 16 and 84 percentile confidence interval estimated using bootstrapping. The velocity dispersion is modelled
as σ = σ0 fτ fLz f[Fe/H] fz. Panels from left to right show the dispersion of v/σv,[Lz], v/σv,[τ ], v/σv,[Fe/H], and v/σv,[z] respectively, for the observed
stars (see Equation 9). In each panel, variation with respect to other independent variables has been factored out. The top panels show the
dispersion in vertical velocity vz, while the bottom panels show the dispersion in Galactocentric radial velocity vR. The dashed lines show the
the best fit model profiles based on Equation 3 and parameters given in Table 2.
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Figure 2. Dispersion of normalized velocity as a function of Galac-
tocentric radius R. The shaded region denotes the 16 and 84 per-
centile confidence interval estimated using bootstrapping. The ve-
locity is normalized by dividing with the velocity dispersion pre-
dicted by the model σv(X ,θv) as given by Equation 3. The dashed
line corresponds to the expected value of 1 for the case where the
model describes the data perfectly.
|z| with gradients γ[Fe/H],v and γz,v respectively. The σ0,v is a
constant that denotes the velocity dispersion for stars lying in
the midplane with solar metallicity, solar angular momentum
(Lz, = ΩR2) and an age of 10 Gyr. The likelihood of the
observed velocities v = {v0, ...vN} for a sample of N stars can
be written as
p(v0, ..vN |X0, ...,XN ,θv) =
∏
i
N (vi|0, 2vi +σ2v (Xi,θv)), (8)
with vi being the uncertainty corresponding to the ob-
served velocity vi of the i−th star. Here, N (v|µ,σ2) =
exp[−(v − µ)2/(2σ2)]/
√
2piσ2 denotes the distribution of
a random variable v sampled from a normal distribution
with mean µ and variance σ2. We find the maximum
likelihood estimate (MLE) of θv by using the Nelder-
Mead algorithm as implemented in the python package
scipy.optimize.minimize. The MLE values of θv
for the velocity components vz and vR are given in Table 2.
Also given alongside are uncertainties, which were esti-
mated using bootstrapping. The data used for estimating θv
contained an equal number of stars from the LAMOST and
GALAH surveys.
To see the velocity dispersion profiles fx(x) that result from
the observed data corresponding to each independent vari-
able x, we must factor out the dependence on other indepen-
0.0
0.5
1.0
1.5
2.0
2.5
3.0
Di
sp
er
sio
n 
v z
/
v R
,[
x]
(a)
Vz
0 2 4 6 8 10 12 14 16
x = Lz/  [kpc]
0.0
0.5
1.0
1.5
2.0
2.5
3.0
Di
sp
er
sio
n 
v R
/
v R
,[
x]
(b)
vR
2<Age/Gyr<4
4<Age/Gyr<6
6<Age/Gyr<8
8<Age/Gyr<10
10<Age/Gyr<12
fx(x)
Figure 3. Velocity dispersion as a function of angular momentum
for stars lying in different age bins. The shaded region denotes the
16 and 84 percentile confidence interval. The dependence on other
independent variables (age, [Fe/H] and |z|) have been factored out.
The observed stars are from LAMOST-MSTO, LAMOST-RG-CN,
GALAH-MSTO, and GALAH-RG-K2 data sets. The dashed lines
show the the best fit model profiles. The curves are normalized
to have unit dispersion at L = L. The profiles do not show any
significant variation with the age. The profile for the youngest bin
is slightly steeper.
dent variables in the set X . We accomplish this by binning
the stars in x and computing the dispersion of v/σv,[x] in each
bin to get a profile of the dispersion as a function of x. Here,
σv,[x], defined as
σv,[x](X ,θv) = σ0,v
x 6=y∏
y∈X
fy(y|θv), (9)
is the complementary velocity dispersion that includes all in-
dependent variables in set X except x.
4. RESULTS
4.1. Basic trends
Our basic trends with angular momentum, age, metallicity
and perpendicular distance from the plane are shown in Fig-
ure 1. The top panels explore the vertical dispersion while
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Figure 4. Same as Figure 3 but for stars lying in different [Fe/H]
bins. The vertical dispersion is slightly higher for metal rich stars.
the bottom panels explore the radial dispersion. The disper-
sion is assumed to be a function of multiple independent vari-
ables, and from left to right each panel shows the effect of
one independent variable at a time. The dispersions decrease
exponentially with Lz up to about the solar angular momen-
tum, beyond that σz starts to increase (Figure 1a) whereas
σR flattens (Figure 1e). The dispersions increase with age
and are well described by a power law, with the exponent
being higher for σz as compared to σR (Figure 1b and Fig-
ure 1f). The GALAH-MSTO data set does not show any sat-
uration for older stars, but other data sets show a flattening
for stars older than 10 Gyr. The dispersions decrease linearly
with both [Fe/H] (Figure 1c and Figure 1g) and |z| (Figure 1d
and Figure 1h), with the slope being steeper for σz. Figure 2
demonstrates that all of the above discussed trends are inde-
pendent of the location R and are valid for 3< R/kpc< 20.
Data from different surveys and stellar types are shown
separately in Figure 1. Figure 1a and Figure 1b show some
systematic differences, but overall the different data sets are
all found to be consistent with the same relationship. Agree-
ment between the GALAH and LAMOST results suggests
that their spectroscopic parameters do not not have any strong
systematics with respect to each other. Agreement between
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Figure 5. Velocity dispersion as a function of age for stars lying
in different Lz bins. The shaded region denotes the 16 and 84 per-
centile confidence interval. The curves are normalized to have unit
dispersion at an age of 10 Gyr. The dependence on other indepen-
dent variables (Lz, [Fe/H] and |z|) have been factored out. The de-
scription of the panels and the data set used are same as in Figure 3.
For older stars the profiles show a mild variation with Lz.
data sets of different stellar types (MSTO and RG), suggests
there are no strong systematics related to stellar types. This
is very reassuring and useful given the fact that for differ-
ent stellar types very different age estimation techniques are
used.
4.2. Variation of basic trends with respect to other
independent variables
In Figure 3 to Figure 11, we show the residual dependence
of each relation on other independent variables. In each fig-
ure, we plot the observed relation corresponding to one in-
dependent variable, such as the relation fτ , by binning stars
in another independent variable, e.g., Lz or [Fe/H]. In gen-
eral we find that the relations vary very little with respect
to other independent variables, suggesting that modelling the
dispersion as a product of multiple independent functions,
as given by Equation 3, is a good approximation. However,
slight variations can be seen. Interestingly, the variations that
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Figure 6. Same as Figure 5 but for stars lying in different [Fe/H]
bins. For older stars the profiles show a mild variation with [Fe/H].
we see are in most cases systematic and we discuss these sys-
tematic trends below.
The fLz relation varies with age such that the younger stars
have higher relative dispersion (Figure 3). Here by relative
dispersion we mean dispersion relative to the derived rela-
tions. The fLz relation varies with [Fe/H], such that for high
Lz, the metal rich stars have systematically higher relative
dispersion (Figure 4). The fτ relation does not vary for stars
with age less than 8 Gyr, but for older stars the relative disper-
sion is systematically lower for the high-Lz stars (Figure 5)
and for high-metallicity stars (Figure 6). This could be be-
cause both old high-Lz stars and old high-metallicity stars are
rare and hence an old star bin is more likely to be contami-
nated by young stars (due to age uncertainties), which will
lower the overall dispersion in that bin given that young stars
have low dispersion.
The f[Fe/H] relation flattens with increasing Lz (Figure 7).
The relation does not vary much with age, with the exception
that for old stars the relative dispersion is lower at the high
metallicity end. (Figure 8). This again could be due to old
and high-metallicity stars being rare and hence an old star
bin is more likely to be contaminated by young stars. The fz
relation for vertical velocity dispersion does not seem to vary
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Figure 7. Velocity dispersion as a function of metallicity, [Fe/H],
for stars lying in different angular momentum bins. The shaded
region denotes the 16 and 84 percentile confidence interval. The
curves are normalized to have unit dispersion at [Fe/H]=0. The de-
pendence on other independent variables (Lz, age, and |z|) have been
factored out. The description of the panels and the data set used are
same as in Figure 3. The profiles show a mild variation with Lz,
with the profiles becoming flatter with increase of Lz.
much with Lz (Figure 9a), however, the fz relation for radial
velocity dispersion flattens with increase in Lz (Figure 9b).
The fz relation does not vary much with age (Figure 10) or
[Fe/H] (Figure 11). However, for stars younger than 4 Gyr
the relationship is much steeper (Figure 10).
4.3. Systematics between surveys
In Figure 1 we presented results from four different data
sets. Two were based on the LAMOST spectroscopic survey,
with one made up of MSTO stars and other made up of RGB
stars. The other two data sets were based on the GALAH
spectroscopic survey, with one made up of MSTO stars and
other of RG stars having asteroseismic information from K2.
Another large spectroscopic survey that we did not use in
Figure 1 was APOGEE. In Figure 12a, we plot APOGEE re-
sults for the asteroseismic sample from Kepler (Pinsonneault
et al. 2018). It shows that the observed AVR is shifted with
respect to our empirical relations. Examination of stars in
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Figure 8. Same as Figure 7 but for stars lying in different age bins.
The profiles show a mild variation with the age, with the profiles
becoming steeper with the increase of age.
between the APOGEE and GALAH/LAMOST data sets, re-
vealed that the APOGEE iron abundances were systemati-
cally higher by 0.1 dex. However, this is still not enough
to account for the difference seen in Figure 12a. A further
increase in the age of APOGEE stars by 10% is required
to bring the the APOGEE-RG-KEPLER data set into agree-
ment with the other datasets. These systematic offsets are
the reason APOGEE data was not used in the analysis pre-
sented in Figure 1. Figure 12b shows that with these changes
the APOGEE-RG-KEPLER data set can also be brought into
agreement with the GALAH-RG-K2 data.
In Figure 1, the LAMOST-MSTO and LAMOST-RG-CN
data sets show significant flattening of the AVR for age
greater than 10 Gyr, while such a flattening is not seen for
the GALAH-MSTO stars. The flattening for LAMOST data
sets could be due to larger uncertainties on age estimates in
them. Figure 12c shows results for the LAMOST-MSTO
and LAMOST-RG-CN data sets, using age estimates from
Sanders & Das (2018). No flattening is seen here. This could
be because the Sanders & Das (2018) ages are more precise
than LAMOST ages for the older stars. However, it should
be noted that Sanders & Das (2018) use strong priors based
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Figure 9. Velocity dispersion as a function of distance |z| from the
mid-plane of the Galaxy, for stars lying in different angular mo-
mentum bins. The shaded region denotes the 16 and 84 percentile
confidence interval. The dependence on other independent variables
(Lz, age, and [Fe/H]) have been factored out. The description of the
panels and the data set used are same as in Figure 3. The relation-
ship for radial dispersion shows a mild variation with the Lz, with
the slope becoming flatter with the increase of Lz.
on height above the plane, which can increase the age preci-
sion for older stars, but is not ideal to study trends with height
above the plane, as we do in this paper.
4.4. The role of angular momentum in shaping the
solar-neighborhood AVR
Angular momentum plays a critical role in shaping the
AVR of stars observed in the solar neighborhood. It has
been claimed in some previous studies that the AVR devi-
ates from a power law with an abrupt increase for old stars
(Freeman 1991; Edvardsson et al. 1993; Quillen & Garnett
2001). Since, most old stars in the solar neighborhood be-
long to the thick disc, this tentatively suggests that the kine-
matics of the thick disc stars is different from that of the thin
disc stars. We show in Figure 13 that this apparent break is
due to a systematic variation of angular momentum with age,
since older stars have low angular momentum and low angu-
lar momentum stars have higher velocity dispersion. Once
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Figure 10. Same as Figure 9 but for stars lying in different age bins.
The slope is higher for younger stars.
again, when a variation of angular momentum is allowed for,
all stars seem to be consistent with a universal AVR. How-
ever, it is still not clear as to why the angular momentum
decreases with age. It could be due to inside out formation of
the disc and radial migration of stars from the inner disc and
needs to be investigated in future.
5. DISCUSSIONS
5.1. Dependence of dispersions on age
We find βz = 0.44 and βR = 0.26, which is in good agree-
ment with predictions of simulations by Aumer et al. (2016a),
where the effects of spiral arms, GMCs and a bar is taken into
account. For the GALAH-MSTO stars, even the old thick
disc stars satisfy this relationship. The LAMOST-MSTO,
LAMOST-RG-CN and GALAH-RG-K2 all show saturation
for age greater than 10 Gyr. This could be due to significant
uncertainties in ages for the older stars in samples other than
GALAH-MSTO. For example, the uncertainty of asteroseis-
mic ages is known to increase with age and is predicted to
be around 30% for RGB stars and even higher for red-clump
stars (Silva Aguirre et al. 2018). Since old stars are typically
rare, an old star bin is more likely to be contaminated by
young stars (due to age uncertainties), which will lower the
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Figure 11. Same as Figure 9 but for stars lying in different [Fe/H]
bins. The relationship shows very little variation with [Fe/H].
overall dispersion in that bin given that young stars have low
dispersion.
As discussed in Aumer et al. (2016a), the exponents βz
and βR of the AVR depend in a complex way upon the whole
dynamical history of the Galaxy. This is because there are
at least two major scattering agents (spiral structures and
GMCs) and the strength of scattering due to them changes
with time. Spiral structure is mainly responsible for in-plane
scattering, while GMCs contribute to both in-plane and ver-
tical scattering. Spiral structure drives up σR fairly rapidly,
increasing the Toomre stability paramater Q and making the
disc stable. This makes the ratio σz/σR very small initially.
Thereafter, on a longer time scale, scattering from GMCs in-
creases both σR and σz. For scattering from stationary fluctu-
ations the exponent β is predicted to be around 0.25, with βz
being slightly higher than βR (Hänninen & Flynn 2002). This
is seen in the heating history of coeval populations. However,
βz for the AVR is much higher because the overall efficiency
of heating due to GMCs is higher at earlier times (Figure-7
of Aumer et al. 2016a). At earlier times, the star formation
rate is high and the stellar disc mass is low and this makes
the GMC mass fraction higher, which in turn increases the
efficiency of GMC scattering.
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Figure 12. Velocity dispersion as a function of age for different data
sets. The 16 and 84 percentile confidence interval is denoted by the
shaded region. The dependence on other independent variables (Lz,
[Fe/H], and |z|) have been factored out. The data set APOGEE-
RG-KEPLER-corr was generated from APOGEE-RG-KEPLER by
correcting the metallicity and age by the following transformations
[Fe/H]corr = [Fe/H]−0.1 and τcorr = 1.1τ . The velocity dispersion
seems to saturate when using ages from the LAMOST value added
catalog. In comparison, no such saturation is seen when using ages
from the Sanders & Das (2018) catalog.
5.2. Dependence of dispersions on angular momentum
Without any loss of generality, in what follows, we dis-
cuss our results in terms of guiding radius rather than an-
gular momentum, with the guiding radius being defined as
Rg = Lz/Θ (angular momentum divided by circular veloc-
ity at Sun). We find that for Rg < R both dispersions fall off
exponentially with Rg. In general, the strength of the secular
heating processes, like those due to spiral arms or GMCs, are
expected to be proportional to the surface density of stars Σ,
so the dispersion is expected to fall off with radius. Using
some simple physically motivated arguments we now predict
the radial scale length Rσ of the exponential fall of dispersion
with R. The vertical dispersion is expected to vary with sur-
face density Σ, and scale height hz, as σz ∝
√
Σhz (van der
Kruit 1988). If hz is constant then the scale length of verti-
cal dispersion, Rσz , should be related to the scale length of
stellar surface density, Rd , as Rσz = 2Rd . Using this we es-
timate Rσz = λL,vz/Θ = 4.9± 0.2 kpc (adopting Θ = 232
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Figure 13. Velocity dispersion as a function of age for stars in the
solar neighborhood. Plotted alongside is median angular momen-
tum as a function of age. Dashed lines show power law profiles.
For age greater than 8 Gyr, the velocity dispersion breaks away from
the plotted power law profiles, and this break coincides with a fall
in angular momentum.
km/s from Sharma et al. 2014), which is in good agreement
with the theoretical prediction of 5.0 kpc (adopting Rd = 2.5
kpc, see e.g., Robin et al. 2003; Juric´ et al. 2008). For the
radial dispersion we expect, σR ∝ ΣR and hence RσR = Rd .
This follows from assuming the Toomre stability parameter
Q =
σRκ
3.36GΣ
(10)
to be constant throughout the disc and the rotation curve to
be flat, which implies κ ∝ 1/R. However we find RσR to be
9.9 kpc, which is about four times larger than Rd (assuming
Rd = 2.5 kpc). Hence, the observed scale length of σR cannot
be explained by a constant Q.
For Rg > R kpc, both dispersions break away from being
purely exponential functions of Rg, with σz increasing and
σR flattening with Rg. This is indicative of flaring in the outer
disc for mono-age and mono-metallicity populations. Now,
outside the solar radius significant flaring has been reported
for all mono age populations, with the flaring being strongest
for the youngest population (Mackereth et al. 2017). Flar-
ing implies that σz should fall off slower than
√
Σ, be con-
stant, or rise. Hence, our overall reported rise of σz with Rg
in the outer disc, and also the fact that the rise is stronger
for younger stars (Figure 3) is consistent with the findings of
Mackereth et al. (2017) related to flaring.
The flattening of velocity dispersion with Rg is easy to un-
derstand. Stars are thought to be born out of the inter-stellar
medium with a birth dispersion of about 10 km/s, due to tur-
bulence in the medium driven by the injection of energy from
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newly forming stars. Due to this non-zero lower bound on the
dispersion of newly forming stars, at large Rg the dispersion
cannot keep on falling exponentially but will hit a floor and
flatten.
We see in Figure 1b and Figure 1d that the flattening oc-
curs at a smaller value of Rg for σz as compared to σR. This
is also easy to understand. Both σz and σR are exponential
functions of Rg, but the overall proportionality constant for
σR is larger than σz. Additionally, the scale length for σR
is larger than that for σz. Consequently, flattening due to a
constant birth dispersion will set in at a lower value of Rg
for σz than for σR. The youngest stars also have the lower
overall proportionality constant for dispersion, so they are
expected to flatten earlier and this is visible in Figure 3. The
fact that non-zero birth dispersion can lead to flattening of
dispersions and consequently flaring has been nicely demon-
strated by Aumer et al. (2016b) using N-body simulations of
discs having spiral arms, GMCs and a bar.
What causes the dispersions to rise for σz and why doesn’t
it also rise for σR? This needs to be investigated in future.
Simulations by Aumer et al. (2016a), incorporating the ef-
fects of spiral perturbations, a bar, and GMCs, only predict
a monotonic fall or flattening for σz, but no rise of disper-
sion with radius (see their Figure 4). This suggests that some
additional processes might be at play. For example, the inter-
action of the disc with orbiting satellites (Kazantzidis et al.
2008; Villalobos & Helmi 2008; Bournaud et al. 2009) is
known to cause flaring in the outer disc. The infall of mis-
alinged gas (Roškar et al. 2010; Sharma et al. 2012; Aumer
et al. 2013) and reorientation of the disc axis (Aumer &
White 2013) is also known to cause warps and consequently
flaring. Interestingly, one of the disc galaxies (Au18) simu-
lated in a cosmological context by Grand et al. (2016) shows
a rise of σz with R. Since, this simulation does not have
GMCs, Grand et al. (2016) attribute the vertical heating to
the bar and the effect of orbiting satellites.
5.3. The shape of the velocity ellipsoid
Our best fit relations (see Equation 3 and Table 2) can be
used to estimate the ratio σz/σR. These relations suggest that
there is a strong dependence of the ratio σz/σR on age, metal-
licity, angular momentum, and height above the plane and
this is shown in Figure 14. More precisely, for 10 Gyr-old
stars that are in the plane and have solar metallicity, the ratio
first decreases with guiding radius to a minimum of 0.53 at
Rg = 7.25 kpc, and then increases with Rg. The ratio is greater
than 0.7 for Rg > 12.0 kpc. Also, the ratio increases mono-
tonically with decrease in metallicity and increase of height.
If the vertical velocity dispersion is governed by scattering
from GMCs, an equilibrium ratio of 0.62 is predicted, which
can be attained by relatively old stars that had enough time
to scatter. Simulations by Aumer et al. (2016a) also suggest
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Figure 14. The ratio σz/σR as a function of guiding radius for stars
of different age and metallicity. The ratio is estimated using the
analytical model described by Equation 3 and parameters in Table 2.
that spiral perturbations and GMCs can only lead to ratios
σz/σR in range 0.5 to 0.7. But the fact that we find σz/σR
to be greater than 0.7 in certain regions of the disc indicates
that processes other than spiral structure and GMCs could be
affecting the vertical dispersion of stars there.
5.4. Dependence of dispersions on metallicity
We see that velocity dispersions increase with decreasing
metallicity for any given age and angular momentum (Fig-
ure 7 and Figure 8). Our current understanding of disc forma-
tion suggests that the ISM probably had a negative metallicity
gradient for a significant fraction of its lifetime (Schönrich &
Binney 2009; Minchev et al. 2018). This suggests that at
any given age the metallicity should decrease with the birth
radius of a star. Consequently, velocity dispersions should
increase with birth radius. This result is counter intuitive, as
naively we expect the dispersion to decrease with any type
of radius (Section 5.2). Interestingly and importantly, we ob-
serve the dispersions to increase with birth radius for stars of
all ages and angular momentum. One reason for this could
be the conservation of vertical action, which will happen for
stars of any age or angular momentum. Solway et al. (2012)
demonstrated that vertical action is conserved for migrating
stars. This conservation of vertical action leads to adiabatic
heating/cooling of stars moving inwards/outwards (Minchev
et al. 2012). To demonstrate this, let Ez be the vertical en-
ergy, ν the vertical oscillation frequency, Σ the surface den-
sity and σ2z the vertical velocity dispersion. Using some stan-
dard assumptions and approximations it is easy to show that
the vertical action Jz = Ez/ν = σ2z /
√
2piGΣ (for details see
Section 1.3 and Minchev et al. 2012). When action is con-
served, σz ∝ Σ1/4. Hence, a stellar population born at radius
Rb with vertical velocity dispersion σzb after migrating to or-
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bits with guiding radius Rg will end up with a dispersion σ′zb
given by
σ′zb = σzb exp
(
−(Rg −Rb)/4Rd
)
, (11)
where Rd is the scale length of surface density distribution.
From this expression it is easy to see that outward migration
leads to cooling and inward migration leads to heating.
The question we are interested in is, for stars with a given
angular momentum and age, is the dispersion of migrated
stars higher or lower than that of non-migrated stars? The
answer to this will depend on how σzb varies with Rb in Equa-
tion 11. For simplicity let us assume that σzb varies with Rb
just as σz varies with Rg, i.e., Equation 3. Given that we
find that the dispersion is flat or rising for Rg > R, the in-
ward migrators with Rb > R are expected to be hotter than
non-migrators. The outward migrators are also expected to
be hotter because σzb increases with decreasing Rb with a
scale length (about 2Rd see Section 5.2) that is smaller than
4Rd . But it was demonstrated by Vera-Ciro et al. (2014), us-
ing an idealized simulation of a galaxy with spiral arms, that
migrating stars are preferentially of low vertical dispersion,
given that they spend more time in the plane (see also Daniel
& Wyse 2018). This bias was also shown to be present for
discs in cosmological simulations (Grand et al. 2016). The
bias makes it possible for the outward migrators to be cooler
compared to non-migrators. Other processes can also lead
to an increase of dispersions with birth radius. For exam-
ple, effects like, disc satellite interaction, infall of misalign-
ment gas or reorientation of the disc axis, and warping (that
as discussed earlier lead to flaring in the disc), all predict the
dispersions to increase with birth radius.
Minchev et al. (2018) had also reported an increase of ver-
tical dispersion with birth radius. However, they found the
effect to be most prominent for older stars. The slope of vari-
ation of dispersion with radius was found to be positive for
stars older than 8 Gyr and then flatten to zero at 6 Gyr and
eventually turn negative for stars younger than 4 Gyr. In con-
trast, we find the slope to be positive for all ages, and addi-
tionally we also find a positive slope for the radial velocity
dispersion, which they did not study. Mackereth et al. (2019)
using mono age and mono metallicity populations reported
an increase of vertical dispersion with mean orbital radius for
low-[α/Fe] stars. For the radial dispersion they reported an
increase with mean orbital radius only for stars younger than
4 Gyr. Given that mean orbital radius decreases monoton-
ically with the metallicity for their populations, this means
that their results can also be interpreted as an increase of dis-
persion with birth radius. In that case, for stars younger than
4 Gyr the slopes are opposite of that of Minchev et al. (2018).
Importantly, both Minchev et al. (2018) and Mackereth
et al. (2019) had not factored out the dependence on angu-
lar momentum, which can have the opposite effect, because
for stars with angular momentum less than solar angular mo-
mentum, the dispersion increases with decrease of angular
momentum. This could be responsible for the differences
between the above studies and differences with the results
presented here.
If [α/Fe] abundance is assumed to be a good proxy for age,
then our metallicity (or birth radius) trends can also be con-
sidered to be consistent with the findings of Hayden et al.
(2020). They studied the velocity dispersion as a function
of [α/Fe] abundance in different [Fe/H] bins using GALAH-
DR2 data. They found that the vertical dispersion increases
with decrease of metallicity for any given [α/Fe] just as we
find the same effect for any given age.
5.5. Dependence of dispersions on height
We find that velocity dispersions increase with height for
all angular momentum (Figure 9), ages (Figure 10) and
metallicities (Figure 11). A positive slope is present for all
ages but it is much steeper for stars younger than 4 Gyr (Fig-
ure 10). Also the slope for σz is higher than that for σR by
about a factor of 2. This suggests that the ratio of σz/σR also
increases with height. A non-zero slope implies that the pop-
ulations defined by a specific age and metallicity are non-
isothermal. Mackereth et al. (2019) also report a positive
slope for low [α/Fe] populations, which was found to flatten
with age. For high-[α/Fe] populations the slope was found
to be zero, whereas we find the high-[α/Fe] stars to have
a positive slope. As suggested by Mackereth et al. (2019),
the non-isothermality could be related to the relatively large
time scale for GMC heating as compared to the relatively
fast in-plane heating by spiral arms. This is something that
can be easily tested in idealized simulations by Aumer et al.
(2016a). However, as shown in van der Kruit (1988), isother-
mality is not necessary for constructing an equilibrium dis-
tribution. They show that for a self gravitating disc whose
vertical density distribution is exponential, the vertical dis-
persion is found to increase with |z|.
5.6. Dependence of dispersions on [α/Fe] abundance
Contrary to claims by Mackereth et al. (2019) that the ve-
locity dispersion properties of the high-[α/Fe] population is
different from that of the low-[α/Fe], we find very little dif-
ference between the two populations. We demonstrate this in
Figure 15, where we plot the dispersion as a function of var-
ious different independent variables. The dashed lines show
the best fit relation obeyed by all stars, which can be con-
sidered as the relationship obeyed by low-[α/Fe] stars, as the
sample of all stars is dominated by them. The high-[α/Fe]
stars are found to closely follow the dashed lines. A con-
stant shift of about 10% can be seen between the dashed
and colored lines, indicating that the overall normalization
may be slightly different, but the profile shapes are very sim-
ilar. For old stars, the high-[α/Fe] AVR seems to flatten
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more strongly than for the low-[α/Fe] AVR. We note that
this effect is only prominent for samples other than GALAH-
MSTO; which also happen to have larger age uncertainties as
compared to the GALAH-MSTO sample. Given that high-
[α/Fe] stars are expected to lie in a narrow range in age, large
uncertainties in age can easily flatten the AVR. Hence, large
age uncertainties seem to be the most likely reason for the
apparent flattening of the AVR.
5.7. Testing the accuracy of the asteroseismic ages
Giants are intrinsically bright and hence for a given appar-
ent magnitude limit they can probe a much larger Galactic
volume as compared to MSTO stars. However, it is diffi-
cult to estimate the ages of giants from purely spectroscopic
parameters. Over the past decades, asteroseismology has at-
tempted to break this barrier, backed by very precise time se-
ries photometry from space missions like CoRot, Kepler, and
K2. However, measuring ages of a large numbers of stars of-
ten requires the use of asteroseismic scaling relations, which
are empirical. Testing the accuracy of these scaling relations
is complicated by the fact that it is difficult to get independent
and precise measurements of mass or age of giants. A few
techniques that have been used to verify the asteroseismic
ages are, to assume that metal poor stars ([Fe/H]< −1) are
older than 10 Gyr (Epstein et al. 2014), to use eclipsing bi-
naries for estimating the mass (Gaulme et al. 2013; Brogaard
et al. 2018), or to use cluster members to estimate the age
Brogaard et al. (2012). While these studies suggest that the
asteroseismic scaling relations overestimate masses by about
10%, they are severely hampered by small number statistics.
An indirect means to verify asteroseismic ages is to rely
on ensemble statistics – for example, by comparing the
mass distribution of stars against predictions of population-
synthesis-based models of the Galaxy. Sharma et al. (2016)
and Sharma et al. (2017) using Kepler data suggested that
the asteroseismic scaling-based masses were overestimated
by about 10% compared to model predictions. However,
a followup study by Sharma et al. (2019) using data from
both Kepler and K2 showed that much of the tension be-
tween observations and predictions is reduced after updat-
ing the metallicity of the thick disc to recent iron abundance
measurements, and additionally taking α-element abundance
into account. However, we still do not have a Galactic model
with all its free parameters tightly constrained. In fact cer-
tain parameters are degenerate. Hence, it is useful to look for
alternative methods to verify the asteroseismic ages.
Here we provide another method to verify asteroseismic
ages based on ensemble statistics – comparing the velocity
dispersion of stars conditional on age, metallicity, angular
momentum and distance from the plane. The underlying
principle is that the velocity dispersion is a global Galactic
property. Hence, groups of stars having same age, metallic-
ity, angular momentum and distance from the plane, should
have same velocity dispersion, irrespective of their stellar
type, target selection and age estimation technique. Using
the above method, we find that the conditional velocity dis-
persion of the GALAH-RG-K2 asteroseismic sample is in
agreement with that of the GALAH-MSTO sample. The
APOGEE-RG-KEPLER sample was found to have an offset
with respect to the GALAH-MSTO sample. However, part
of this offest is due to APOGEE iron abundance being higher
by about 0.1 dex than GALAH. To account for the rest of
the observed offset, the APOGEE-RG-KEPLER asteroseis-
mic ages had to be increased by about 10%. This bias is
consistent, both in direction and amount, with earlier anal-
ysis that compared the mass distribution of the Kepler sam-
ple with predictions from stellar-population-synthesis based
models (Sharma et al. 2019).
We now demonstrate that a 10% systematic in age can eas-
ily stem from inaccuracies in measurement of average seis-
mic parameters ∆ν or νmax. Pinsonneault et al. (2018) had
shown that different methods for measuring νmax and ∆ν can
have systematics of up to a few percent. Given that the K2
light curve is much shorter (3 months as compared to 4 years)
and is more noisy, we can also expect biases of upto a few
percent in the seismic parameters estimated from them. We
show below that even a 1% change in either ∆ν or νmax can
lead to a change of 10% in age. The age of a red giant star
is primarily determined by the time it spends on the main se-
quence and is roughly τMS ∝M/L(M)∝M−3.8 for stars with
M < 2M (Binney & Merrifield 1998). According to aster-
oseismic scaling relations M ∝ ν3max/∆ν4, implying that the
age depends on νmax and ∆ν with a power greater than 10.
6. SUMMARY AND CONCLUSIONS
We have explored the fundamental relations governing the
radial and the vertical velocity dispersions of stars in the
Milky Way and discussed the dynamical processes that might
be responsible for them. For the first time, we present the
joint dependence of the vertical and radial velocity disper-
sions on age, angular momentum, metallicity and distance
from the plane. We compare and contrast results from three
different spectroscopic surveys, (GALAH, LAMOST, and
APOGEE) and three different stellar types (MSTO, astero-
seismic giant, and RGB stars).
Vertical and radial velocity dispersions depend upon at
least 4 independent variables, and these are age, angular mo-
mentum, metallicity and distance from the plane. The joint
dependence is well approximated by a separable functional
form that is a product of univariate functions, with each func-
tion corresponding to one independent variable. In other
words, the dependence of the dispersions on each indepen-
dent variable is almost independent of the other variables.
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Figure 15. Same as Figure 1 but for stars with [α/Fe]>0.25. The high-[α/Fe] stars seem to follow the same relationship as low–[α/Fe] stars,
except for a small shift in the overall normalization.
The velocity dispersions increase with age following a
power law, with exponent βz = 0.441± 0.007 for σz and
βR = 0.251± 0.006 for σR. These exponents are in good
agreement with idealized simulations of Aumer et al. (2016b)
where the disc heating is due to scattering by bar, spiral arms
and GMCs.
The velocity dispersions show a non-monotonic behaviour
with Lz. They decrease with Lz until about solar angular mo-
mentum, thereafter, σR flattens, while σz increases. The flat-
tening at large Lz could be due to a non-zero floor on the
intrinsic birth dispersion of stars. However, the cause for the
rise of σz at large Lz is not fully understood. Idealized simu-
lations having a bar, spiral structure and GMCs do not show
such an effect. However, cosmological simulations by Grand
et al. (2016) do show such an effect, where the heating is pri-
marily attributed to a bar and orbiting satellites. However,
other factors, like warps, the infall of misaligned gas and re-
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orientation of the disc, can also be responsible for the above
effect.
The velocity dispersions decrease almost linearly with
metallicity, or in other words the velocity dispersion in-
creases with birth radius. We show that this can be explained
by the conservation of vertical action in stars undergoing ra-
dial migration. However, for this to work, stars migrating
outwards from the inner regions should be preferentially of
low velocity dispersion – the so called "provenance bias" as
discussed by Vera-Ciro et al. (2014) and also reported by oth-
ers (Grand et al. 2016; Daniel & Wyse 2018).
The velocity dispersions increase almost linearly with dis-
tance from the plane. This effect is more prominent for
younger stars. Additionally, the effect is stronger for σz
than for σR. This agrees with findings of Mackereth et al.
(2019) using APOGEE giants. Spiral arms are responsible
for in-plane scattering, while GMCs are though to redirect
the planar motion into the vertical direction (Jenkins & Bin-
ney 1990). As suggested by Mackereth et al. (2019), the
longer time scale associated with GMC heating as compared
to spiral heating could be responsible for the observed non-
isothermality.
A particularly useful aspect of identifying the set of inde-
pendent variables that govern the velocity dispersion, is that
if the dispersion is characterized in terms of these variables
then it is almost independent of the target selection func-
tion. This provides a means to not only compare results from
different observational data sets (e.g to test systematics in
spectroscopic stellar parameters between different surveys,
or systematics between different age estimation techniques),
but also to compare observational results with theoretical pre-
dictions. We take advantage of this fact to show that GALAH
and LAMOST results are in agreement with each other and
that results from different stellar types (MSTO and giant
stars) are also in agreement with each other. The ages of
giant stars have been estimated using the asteroseismic scal-
ing relations either directly (for K2 stars) or indirectly (for
LAMOST RGBs). It is difficult to verify the asteroseismic
scaling relations due to a shortage of independent estimates
of stellar mass or age. In this sense, we provide a new tech-
nique based on ensemble statistics to verify the accuracy of
the asteroseismic ages.
The velocity dispersion of the APOGEE data set of aster-
oseismic giants from Kepler was found to be systematically
different from our derived relations. We identify two possible
reasons for this. First, the metallicity of APOGEE giants is
systematically lower by about 0.1 dex with respect GALAH
and LAMOST. Second, it is possible that the average astero-
seismic parameters derived from Kepler data have some sys-
tematics with respect to those derived from the K2 data, given
that the light curves from K2 are much shorter (3 months as
compared to 4 years) and noisier.
Finally, we find that all stars, irrespective of them being old
or having high-[α/Fe], follow the same relations for velocity
dispersion. In other words, no special provision is needed
to accommodate the thick disc stars. The AVR of stars in
the solar neighborhood does show a break from a pure power
law for stars older than 8 Gyr. However, when the angular
momentum and metallicity of these stars is taken into account
no such break is seen. The apparent break is due to older stars
having systematically lower angular momentum.
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